Abstract. Variable loadings cause fatigue to the structural elements leading to crack initiation and propagation, which results in a decrease in the fatigue life of the elements. In particular, cracks decrease the stiffness and the natural frequency thus, causing specimens to fail under normal working conditions. This paper presents the application of the vibrationbased technique for detecting the location and the size of a fatigue crack in structures. The two presented methods are based on the measurements of the natural frequencies of the cracked beam. The crack is modelled by a rotational spring. The predicted crack depth and location are compared with the actual data obtained from finite element models.
Introduction
Cracks are one of the main causes of structural failure. In order to reduce or eliminate the sudden failure of structures, they should be regularly checked for cracks. Non-destructive testing methods such as ultrasonic testing, lamb wave, X-ray, acoustic emission, etc. are used for localized inspection and monitoring of damages in structures. These methods are efficient but laborious, time consuming, expensive and inconvenient for inaccessible structural elements. Vibration-based methods of detecting crack size and location have certain advantages. The test equipment is relatively cheap. The vibration data used can be collected from a single point or mostly several points on the component.
The crack present in the component imparts local flexibility to the element, which leads to reduction in natural frequencies and mode shapes. It is possible to estimate the location and the size of a crack by measuring changes in the vibration parameters (modal or structural). The modal parameters include natural frequencies and mode shapes, and structural parameters are stiffness, mass, flexibility and damping matrices of the system. Adams et al [1] have presented a method for damage detection in a onedimensional component using the natural frequencies of longitudinal vibrations. They modelled the damage by a linear spring. Petroski [2] has proposed a technique by which the section modulus is appropriately reduced to model a crack. Chondros and Dimarogonas [3] have used the concept of a rotational spring to model the crack and proposed a method to identify cracks in welded joints. Rizos et al [4] have applied this technique to a cantilever beam and detected the crack location through the measurement of amplitudes at two points of component vibrating at one of its natural modes. Liang et al [5] have proposed a similar method, but it required measurements of the three fundamental frequencies of the beam. Dimarogonas and Paipetis [6] calculated the rotational spring constant of a beam of a rectangular cross section from the crack strain energy function. Ostachowicz and Krawczuk [7] obtained the relationships between the reduced stiffness of the cracked section and the crack size of a beam of rectangular cross section from the decrease in the elastic deformation energy of the crack expressed in terms of the stress intensity factor. Barad et al [8] used relations between the rotational spring constant, crack size and location and proposed a method for detecting a crack in a cantilever beam. In most cases, the proposed methods are applied to a cantilever beam although the simply supported beam is commonly used. The aim of the present paper is to study the effectiveness and the accuracy of the methods, based on the rotational spring through a number of numerical experiments. Two different methods are applied to a simply supported beam with a rectangular cross section. Both methods operate with measured natural frequencies of cracked components. The first method presented [4, 5] involves (a) obtaining plots of the rotational spring stiffness with the crack location for the first three natural modes through the characteristic equation and (b) computing the crack size. The other method [8] uses graphs of crack depth variation with crack location for the first two natural frequencies. The results obtained are compared with the data obtained by the finite element model.
Formulation
The governing differential equation of the free transverse vibration of a beam with uniform cross section, manufactured of homogeneous linear elastic material and without any crack, can be presented as [7, 8] :
where w(x, t) is the function of the transverse displacements, Eis Young's modulus of elasticity, I is the area moment of inertia, ρ is mass density, A is the cross-sectional area, t is time and x varies along the beam axis from left to right.
We look for solution of Eq. (1) of the type:
where j = √ −1, ω is the natural frequency of free vibration, W (x) is the function of the transverse displacements, which does not depend on time. Taking into account Eq. (2), then Eq. (1) can be written in the following form:
Equation (3) can be written as:
L is the length of the beam and λ is the non-dimensional frequency parameter, given by:
The general solution of Eq. (4) is:
The crack is presented by a rotational spring with stiffness K t = KEI/L and is located at a distance β c (L c ) from the left end of the beam. The equations for the two segments of the beam are, as follows:
where i = 1 for the left segment, i = 2 for the right segment,
The general solutions of equations (7) are given by:
The boundary conditions at the ends of the beams are:
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The continuity of displacements, moments and shear forces at the crack location (β 1 = β c , β 2 = 0), can be written as:
At the same beam location a crack jump occurs toward the slope [4] , which in terms of β i can be formulated as:
is the non-dimensional stiffness of the rotational spring. Generally, applying boundary conditions (10-17) to equations (8) and (9), the system of eight characteristic equations can be obtained. For a nontrivial solution, the determinant of coefficients in the front of the unknowns A i , B i , C i and D i must be zero. In the case of a simply supported beam with a single crack, the system of the eight equations can be simplified and a single characteristic equation can be obtained:
According to Linear Elastic Fracture Mechanics (LEFM) Ostachowicz and Krawczuk [7] , defined the rotational constant of a cracked section with edge crack of uniform depth:
where b is the width and h is the height of the beam cross section, α = a/h, a is the crack depth and:
(20) f 1 (α) = 0.6384α 2 − 1.035α 3 + 3.7201α 4 − 5.1773α 5 + + 7.553α 6 − 7.332α 7 + 2.4909α 8 .
The relation between K and α can be written as:
Dimarogonas and Paipetis [6] defined K t from the crack strain energy function:
where f 2 (α) is defined by: In this case parameter K is written as:
3. Crack detection in a simply supported beam of rectangular cross section 3.1. Method I The first three transverse natural frequencies are measured for the cracked beam. The graph of variation of K with the location of the crack β c , using Eq. (18), is drawn for each frequency. The three plots have to intersect in a single point, since the stiffness K t (and K) is independent of the mode and the crack is only one. In the case of a simply supported beam, the intersection points are two, because of the symmetry of the beam [5, 9] . In order the three curves to possess a common point, modulus of elasticity E have to be calibrated [9] . The frequency parameter λ uct , theoretically calculated for an uncracked beam, and λ ucm , obtained using measured frequency of uncracked
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beam, have to be equal but in generally they differ. The expressions of λ uct and λ ucm are given by, respectively:
For each mode modulus of elasticity E is adjusted so that λ uct = λ ucm . The new value of modulus of elasticity is E ef f and has the following form:
This effective value of E ef f is used as an input parameter in Eq. (18). This procedure is called zero setting.
After obtaining K, then the crack size is the calculated using Eqs. (21) or (24).
Method II
This method uses only the first two natural frequencies of the cracked beam. For each mode, the plot of variation of crack location β c with crack depth α is drawn [8] , according Eqs (18) and (21) or (24). The two curves intersect in a point whose coordinates indicates crack location and depth.
Numerical examples
The numerical analysis is carried out for a simply supported beam of rectangular cross section with a single crack. Table 1 .
For the uncracked beam, the first three transverse natural frequencies theoretically calculated using Eqs. (4) are ω 1 = 491.20 rad/s, ω 2 = 1964.8 rad/s and ω 3 = 4420.8 rad/s. The frequencies obtained from the finite element model are given in Table 1 . The errors in the computed natural frequencies are respectively −3.03%, 1.78% and 8.34%. They are set to zero by using E ef f . 
Method I
Typical plots of K vs. β c for the three natural frequencies are presented in Fig. 2 . After the procedure of zero settings, the three curves have to intersect at a common point but in many cases it does not happen. To avoid any subjective error in the graphical procedure, a computational procedure is used for finding the intersection point of the pair of curves corresponding to ω 1 and ω 2 . In the same way, intersection points nearest to the first intersection point are calculated for the other pairs of the curves (ω 2 and ω 3 ; ω 3 and ω 1 ). The average of the three intersection points is taken as a prediction. The method gives high accuracy of prediction of the crack location. It can be seen in Table 2 , that the maximum error of the crack position is 8.2% at β c = 0.10 and α = 0.125 and 3.7% for the other crack positions. In cases 3 and 4, the plots of K vs. β c for the first and the second frequency do not have a common point. The results can be obtained by using the intersection point of plots for second and third frequency as well as third and first frequency. The failure of the method in cases 17 and 18 is due to the fact that the frequency of the cracked beam is equal to the frequency of the uncracked one, for the second mode of vibration. In these cases, the variation of K vs. β c cannot be obtained by using another mode instead of the second one. Another way to overcome the problem is to use only the intersection point of curves for the first and the second frequency. The accuracy of the predicted crack sizes increases with increasing the crack depth. In most cases, Eq. (24) gives better results for predicting the crack depth than Eq. (21). The error for crack depth 12.5% of the section height is around 20%, but for other cases it is less than 5.7% using Eq. (24) and 16.4% using Eq. (21).
Method II
Corresponding to Eqs. (18) and (21) or Eqs. (18) and (24), the variation of crack location β c with crack depth α is plotted for the two natural frequencies. The graphs are given in Fig. 4 for some of the studied cases. Again, the intersection point of the two curves is calculated, not graphically obtained. The method fails for cracks located at a distance of 10% from the support of the beam. At the other crack positions, the errors in prediction crack location is 15.9% using Eq. (21) and 16.7% using Eq. (24). The two equations for calculating the crack depth give approximately equal results for crack position, but different for its depth, as in most cases the Eq. (24) has higher accuracy. The error in prediction of crack size for crack depth 12.5% of the section height is around 20%, but for the other cases it is under 11.6%, using Eq. (24) and 15.2% using Eq. (21). It is possible to improve the accuracy of the method if the curve of the variation of crack location β c with crack depth α for the third natural frequency is considered too, not only for the first and the second natural frequencies.
Conclusion
Two methods for crack detection in a simply supported beam of rectangular cross section have been presented. The accuracy of the methods depends predominantly on the change in the frequency of the cracked beam compared to the frequency of the uncracked one. The error increases when the crack is close to the supports of the beam and when the crack depth has a relatively small value. In general, the first method presented gives results with higher accuracy, than the results of the second method presented. The application of method II is more complicated because of the cooperative solution of equation (18) 
